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1. Introduction 

Consider a single particle moving on a smooth manifold M, dim M > 2, and suppose 
that this particle has an internal structure. Denote by Y the space parametrizing this 
structure. In the simplest case, the configuration space of this one-particle system is the 
cartesian product M xY. However, more generally, the particle's internal coordinates may 
be correlated with its spatial position. Here, the configuration space can be the total space 
E oi a fiber bundle with base space M and fiber Y. If we have n such particles which are 
distinguishable (and noncoinciding) the configuration space becomes E"^ — Ap, where 

Ap = {(ei, . . . , e^) G £^" I pici) = p{ej) for some i ^ j} 

and p : E ~* M is the projection map of the above bundle. The corresponding configuration 
space for n identical particles is the orbit space Q^{M) = {E"' — Ap)/Sm where the 
permutation group Sn has the obvious action on E"^ — Ap. It is this space that will occupy 
our attention below. 

The fundamental group 7ri{Q^{M)) plays an important role in describing various 
quantizations of the n particle system.lil More precisely, to every irreducible unitary repre- 
sentation (lUR) p of 7ii{Q^{M)) there exists a quantization of this systemH whose fixed- 
time state vectors are sections of an (irreducible) C -bundle B over Q^{M), N = dim p. 
B is equipped with a fiat U{N) connection whose holonomy realizes p. An alternative way 
of viewing these state vectors \1/ is as multivalued functions from Q^{M) to C , such that 
when the argument of ^ is brought around a loop in the homotopy class [£] G tvi{Q^{M)) 
we have \1/ -^ p([£])\l/. One may certainly consider more general quantum theories — for 
instance, those associated with nonflat complex vector bundles over Q^{M). However, 
until Section 8 we will restrict ourselves to those described above since many interesting 
features can already be seen at this level. For example, if the particles are structureless 
— that is, Y is just a point — then E = M and 7ri{Q^{M)) is the n-string braid group 
Bri{M) of the manifold M [g] g. Given an lUR p of Bn{M), n > 2, one can determine the 
statistics of the n identical particles in the corresponding quantum theory by restricting 
p to those elements of Bn{M) representing local permutations of the particles H. If one 



Without loss of generality we assume that E, and therefore Qn{M), is path-connected. 
Hence, different choices of basepoint in Q„ (M) lead to isomorphic fundamental groups and in 
what follows we will suppress this choice and simply write 7ri(Q^(M)). 

For more on the notion of quantization used below, see ||l| Q and references therein. 
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considers only scalar quantum theories (those associated with the one- dimensional lUR's 
of Bn{M)), then it has been shown that the only allowed statistics for the particles are 
Bose and Fermi if dim M > 3 (both always being possible) 0. By contrast, for open 
2-manifolds (like IR ) one obtains the full range of fractional (or 9-) statistical for any 
^ > 2 0. On the 2-sphere S'^ only a finite (n-dependent) subset of statistical angles 6 are 
allowed [Q, while on all other closed surfaces only Bose and Fermi statistics (^ = and tt) 
are available 0. However, by looking at raonsca/ar quantum theories (higher-dimensional 
lUR's of Bn{M)), one can regain all the rational values of 9/n for n identical particles on 
any closed, orientable 2-manifold [mjTy][|ll|. Further, nonscalar quantum theories allow for 
the well-known parastatistics when n > 3 (and any M), as well as a complex generaliza- 
tion of them for three or more particles in two dimensions [^ |jl^ [|13| . If M is not simply 



connected, then there may be even more exotic possibilities such as ambistatistics where 
the superselection rule between bosons and fermions is effectively broken P] . There is also 



a fractional version of ambistatistics on nonsimply connected 2-manifolds [|T0 . 

The groups 7ri{Q^ (M)) = B^{M), for a generic fiber bundle E over M, generalize 
the braid groups Bn{M). In this paper we will focus on the case where Y parametrizes an 
internal spin degree of freedom for the particles. If M is an orientable manifold, we choose 
a fixed orientation for M. Then the relevant E is the bundle of oriented, orthonormal 
d-frames over M, d = dim M, whose fiber Y is homeomorphic to the special orthogonal 



group SO{d) |T^] |]I^ [|T3[ . It is the principal bundle associated with the tangent bundle of 
M. For nonorientable spaces, E is the bundle of all (i-frames over M and Y is the full 
orthogonal group 0{d). In both cases, we denote this bundle by F{M). Just as above, 
we can determine the statistics of the particles associated with an lUR p of B^{M) by 
restricting to the local permutations. But now we can also ask about their spin. We 
obtain this information by looking at how those elements of B^{M) which correspond to 
27r-rotations of the particles' frames are represented by p. Note that there is no reason to 
expect a spin-statistics relation for these mechanical systems. 

In what follows we will completely calculate the groups B^{M), for M an orientable 
manifold of dimension (i > 3, in terms of ni{M) and information about possible obstruc- 
tions to a spin structure on M. One consequence of our results is that there exist theories 
where the particles have half-integral spin even though the ambient space M is not a spin 
manifold. The nonspin manifolds for which this phenomenon occurs do, however, possess 



For a review of fractional statistics, including references to earlier literature, see 



generalized spin structures. We also comment on the nonorientable case, as well as the 
situation in two dimensions. Next, we discuss the relationship between the groups B^{M) 
and the fundamental group of the configuration space of the 0{d + l)-invariant nonlinear 
sigma model with space manifold M. These models possess topological solitons, and the 
implications of our results for their spin and statistics are demonstrated. Finally, we return 
to the phenomenon of half-integral spin for particles and solitons on nonspin manifolds and 
study it from the point of view of more general quantum theories. The reader may find 
it useful to read the conclusions of this paper (Section 9) before proceeding to the main 
text. Although it uses some technical language which is only defined later, it may help to 
keep the organization and goals of the paper clearer as he or she proceeds. 

We close this section with a word concerning references. In many places in the text we 
use reasonably well-known results or structures from the mathematical literature. Instead 
of providing a reference at each such occurrence (many of which are marked with italics), we 
have decided to give a general mathematical bibliography here. The results and definitions 
that we have utilized from various areas of mathematics can be found (and traced further) 
using the treatises cited below and references contained therein. For discrete group theory, 
see [|16[; for algebraic topology, see [jl^ [0; for bundle theory and characteristic classes. 



see 



T^[|T9[; for spin structures on manifolds, see [^. We have attempted to provide 



additional references at each occurrence in the text of a result which is less familiar. 



2. Computing B^{M) - General Remarks 

Before specializing to the case of interest, we make some remarks on the computation 
of BI^{M) in general. A useful fact is that the fiber bundle Y ^^ E ^ M gives rise to a 
similar structure V A Q^{M) ^ Qn{M) for all n > 1. Here Qn{M) = M"" - A,dM is 
the configuration space of n identical structureless particles on M. The projection map 
Pn : Qn{M) -^ Qn{M) is giveu by pn([ei, . . . , e^]) = [p(ei), . . . ,p(en)], where [xi,...,Xn] 
denotes an unordered n-tuple of points in the appropriate space. The long exact homotopy 
sequence of this fiber bundle yieldsQ 

. . . ^ Tv^iQniM)) ^ Tv^iYr ^ B^{M) ^"4" B^{M) h 7ro(y)" ^ {*} . (2.1) 



Note that 7ro(y) does not, in general, possess a natural group structure. Thus, for the last 
two maps in this sequence we mean exact in the sense of pointed sets. 



In this sequence, the basepoint yo & Y determines the basepoints z*(yo) ^ Qni^) ^^^ 
Pn{i*{yo)) G Qn{M). Of course when n = 1, this reduces to the long exact homotopy 
sequence of the bundle Y "^^ E —^ M. The map a^ in ( |2.1| ) is called the connecting 
homomorphism and there exists a simple relationship between cti : 7r2(M) —>■ ni{Y) and 
ct^, n > 2. More precisely, the inclusion of M"^ — A^^j^^ into M" induces a homomorphismH 
A*n : T^2{Qn{M)) -^ 7r2(M)"', and the map «„ is simply the composition (ai)" o /x^^. 
More compactly, we may exhibit B^{M) as an extension: 

{e} ^ 7ri(y)V/m a^ ^ Sf (M) ^^A^* /m (p.). ^ {e}. (2.2) 



The following information suffices to determine B^{M) from the exact sequence ( |2.2|) . 
First, we must know the groups G = z*(7ri(y)"'//m a^) and ilf = Im (pn)* ^ Bn{M). 
Next, we need a single map (ps '■ H ^ Aut{G), determined by choosing a transversal 
function s : H ^ Bn{M) [that is, (pn)* o s = idn] and defining ^s(/i), h E H, to be 
the automorphism of the normal subgroup G of B^{M) given by (/}s{h){g) = s{h)~^gs{h), 
g E G. Note that neither cps nor s need be homomorphisms, and different choices of s may 
lead to distinct maps (ps- (ps is called the action of H on G associated with s. It is true, 
however, that for any two transversal functions si and S2 the automorphisms (psiih) and 
(j)s2{h), h E H, differ only by an inner automorphism of G. Thus, there is a unique map 
(j) : H ^ Out{G) associated with the extension (|2.2|) , where Out{G) = Aut{G) / Inn{G) 
is the outer automorphism group of G. Moreover, ^ is a homomorphism and is called the 
couplings of ( |2.2D . 

If there exists a choice of s which is a homomorphism, then the extension ( |2.2| ) is 
said to be split and the above information completely determines B^{M). In this case, 
(ps is a homomorphism and B^{M) is isomorphic to the semidirect product of G hy H 
corresponding to this action (pg. If no such choice for s exists, then we also need information 
concerning the relevant obstructions. More precisely, suppose that a certain relation holds 
between various elements of H. Without loss of generality we can take this relation to 
be of the form w = e, where w is a product of elements in H. Now for a given s, the 
relation s{w) = e need not hold in B^{M); all we know is that s{w) = g, for some g E G. 



Since the codimension of ^idM ™ -^" is equal to the dimension d of M, //„ is an isomorphism 
if d > 4 and an epimorphism if d = 3. 

If G is an abelian group, then Out{G) = Aut{G) and for any choice of s, (ps is a homomor- 
phism equal to (p. 



(The element g depends on both s and w.) So suppose -R is a set of defining relations 
for H, that is, a set of relations from which all others follow. Then in order to determine 
the extension B^{M) we need, along with G, if, and a fixed (pg, the set R^^' of relations 
in B^{M) obtained by "lifting" those in R via s. Again, if the extension is split, then s 
can be chosen such that s{w) = e if w = e, and therefore the set R^^^ contains no new 
information. 

Often, the knowledge we possess about G and H is in terms of a presentation. We 
write G = < Xq \ Rq > and H = < Xh \ Rh > to denote that G (respectively, 
H) is generated by the set Xq (respectively, Xh) subject to the defining relations Re 
(respectively, Rh)- Given a transversal function s, the above discussion then allows us to 
construct a presentation of B^{M): 

B^{M) = < Xg, s{Xh) I Rg, R^h\ Ts >, (2.3) 

where 

Ts = {s{y)-^xs{y) = wi% x E Xg, y E Xh}. (2.4) 

The object Wx % is a representation of (f)s{y){x) G G as a product of elements in Xg^^Xq . 

is) 

The set of relations T, provides the action of if on G associated with s, while R\j gives the 
required information on the possible obstructions to a splitting. This formula will prove 
very useful for us. Finally, we remark that the obstructions to a splitting homomorphism 
for (^3) are related to certain obstructions to constructing a section for the map p^, that is, 
a continuous map u : Qn{M) -^ Q^{M) with p„ ocu = idq^i^M)- One can try to construct 
u in stages — first by finding a section uj^^' over the 1-skeleton of the nii-dimensional 
manifold (5„(M), then a section u^"^' over the 2-skeleton, etcetera. At each step there 
may be an obstruction. If uj^^' can be found, then the map (3n '■ Bn{M) -^ 7To{Y)^ is 
trivial {Im (pn)* = Bn{M)). If u;*-^-' exists, there is a splitting homomorphism s = cu* for 
( p.2|) .IZI If uj^'^' exists, then the homomorphism o;^ : 'K2{Qn{M)) -^ 7ri(y)" is also trivial. 
Moreover, it is straightforward to show that for n > 2 and fixed M, a given partial section 
^(m) £qj^ p^ exists if and only if the corresponding partial section exists for n = 1 (that is, 
for p). 



Even if uj^^' does not exist, there may still be a splitting s for ( |2.2| ). However s will not be 
natural in the sense that it will have no topological origin. 



As an alternative to (|2.2|) , we may use the long exact homotopy sequence of the 
covering projection Xn '■ {E"^ — ^p) -^ Qni^) ^° obtain another extension: 

{e} ^ m{E^ - Ap) ^^A^* Sf (M) ^ 5. ^ {e}. (2.5) 

For Y a point, this sequence has often been used to study Bn{M). There are two simplifi- 
cations in ( |2.5| ) when d = dim M > 3. First, one can show in general that the codimension 
of Ap in E'^ is d. So when (i > 3, this yields ni{E'^ — Ap) = ni{E)'^. Moreover, using 
techniques similar to those developed for the structureless case [H, one can show that the 
extension ( |2.5| ) splits if ci > 3. Thus, in this case, B^{M) can be viewed as a semidirect 
product of Tvi{E)'^ by Sn, the group Sn acts by permuting the n factors of tvi{E). This 
semidirect product is known as the wreath product and denoted by Tri{E) I Sn- To go 
further, one must look at the long exact sequence of y "^^ i? ^ M to acquire information 
about ni{E). It is simply a matter of taste whether one prefers to use the extension ( |2.2| ) 
or (|2.5|) to calculate B^{M). Identical inputs are needed to take advantage of either one. 



3. Sf (M) for Spin Manifolds (d > 3) 

We now return to the situation where M is an orientable manifold of dimension d> 3, 
and E = F{M) is the frame bundle of M. The fiber Y = SO{d) of F{M) is path-connected, 
so H = Im {pn)* = Bn{M). Moreover, 7ri{SO{d > 3)) = ^2 and hence (|2.2| ) becomes 

{e} ^ Z^//m an ^ B^{M) ^^4" Bn{M) -. {e}. (3.1) 

We have a^ = (ai)"'o^^ for all n (see Section 2), where ai : 712 (M) -^ IL1 can be described 
as follows. First, an element of 7r2(M) may be thought of (up to homotopy) as a sequence 
of loops it in -^ (based at some point m), < t < 1, with i^ — ix — the constant loop. 
Now consider transporting a frame v oX m along a given if After completing the loop, it 
will have been rotated by some element Rt G SO{d). Since Rq = Ri = the identity, the 
sequence Rt defines a loop in SO{d). The map from 7r2(M) to 7Ti{SO{d)) obtained in this 
way is the homomorphism ai. 

As noted earlier, much is known about the groups Bn{M) appearing in (|3.1|) . Indeed, 
using the discussion following ( P75| ) with Y a point, we can write Bn{M) = 7ri(M) I S^- 
(This is not true for d = 2.) If ni{M) = < X \ R >, then Bn{M) is generated by n copies 
of X along with certain elements ai, 1 < i < n — 1. These generators may be considered 
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to be (homotopy classes of) loops in the structureless particle configuration space Qn{M). 
Assume the particles are initially at the positions mi, . . . , rrin, which can be taken to sit 
in a (i-disk D C M. Then an element x^^' from the ith copy X^'^' of X represents a loop 
in Qn{M) which takes the particle at rrii around a loop in M (avoiding all other particles) 
in the homotopy class a; G X C 7ri(M). The element ai represents the local interchange in 
D of the particle at m^ with that at m^_|_i. The defining relations for Bn{M) will include 
n copies of R, one for each X^^\ as well as 



Xi')yij) = y(j)a;W 


1 <i,j <n; i ^ j, 


x(^+i)a, = a,x(^) 


1 <z < n-1, 


x^^'ai = aiX^^' 


l<z<n — 1; I < j <n; j j^ i,i+ 1 


^f = e 


1 <z < n-1, 


^ifJi+lCfi = cri_|_i(Ji(Ti+i 


1 <z < n-2, 


(JiCTj = CTjCTi 


l<ij<n-l; \i-j >2, 



(3.2) 



where x^'^\y^'^> G X^"^' . A given X^'^' generates a subgroup isomorphic to 7ri(M), and the 
(Ji's generate an S^ subgroup. Clearly we have Bi{M) = 7ri(M). 

To compute the extension in ( |3.1| ), we still need to know the connecting homo- 
morphism an as well as how the relations in Bn{M) above lift to B^{M). As men- 
tioned previously, there exists a splitting homomorphism for ( |3.1|) if there is a partial 
section u^"^' for p : F{M) — > M. If u^"^' can be extended to u^^\ then a^ is trivial. 
The obstructions to finding a section for p are related to various characteristic classes 
ti G W{M;TTi_i{SO{d))), i > 1. The map w^"") exists for p if and only if t^ = for aU 
1 < i < m. We state a few basic facts about these classes. Since SO{d) is path-connected, 
ti = for any M. Next, the element ^2 ^ H^{M; 'S.-i) is the second Stief el- Whitney class of 
the tangent bundle tm of M, usually denoted by W2. The class of orientable spaces which 
have W2 = are called spin manifolds. This is because they are precisely the manifolds 
for which the SO{d)-hund\e F{M) can be extended to a principal S'pm((i) -bundle over M, 
where Spin{d) is the double cover of SO{d). Hence, spinors can be unambiguously defined 
on these spaces. Finally, ts = since 712 (5(9 (d)) is trivial. Thus, we can construct the 
partial section u^^^ for p if and only if M is a spin manifold. So for these spaces Mspin we 
have a split extension 

{e} ^ 2^ ^ B^iMsp^n) ^"^'^ Bn{Msp^n) ^ {e}. (3.3) 



All that remains here is to determine the coupling of ( p.3|) . To this end, let us choose 
as our basepoint in Q^{M) the configuration where the n identical spinning particles 
are located at the points mi, . . . , nin E D C Mgpin- We must also pick a specific frame 
Vi above each rrii. If we assume 7ri{Mspin) = < X \ R >, then B^{Mspin) in ( |3.3| ) is 
generated by X^^\l < i < n, and (Jj, 1 < j < n — 1, as for Bn{Mspin), along with 
elements r^, 1 < k < n. Here r^ represents a 27r-rotation of the frame Vk above rrik; the 
r/s's generate the subgroup G = i^C^"^)- The defining relations for B^{Mspin) consist of n 
copies of R, the relations in (|3.2| ), as well as 



rf = e 1 < ^ < "H., 

x'^'^Tj = rjX^"-^ ^ <i,3 <n, (3.4) 

Ti+iOi = aiVi 1 <i <n-l, 

Tjai = aiTj 1 < z < n — 1; 1 < j < n; j 7^ z, z + 1, 

where x^'^' E X^^'. The first two sets of equations in ( |3.4D give relations which hold in G. 
It is not hard to convince oneself that the remaining three sets hold in B^{Mspin)-, and 
that they provide the action of H = Bn{Mspin) on G. It is worth mentioning that the a^'s, 
along with the set X^^^ and the element ri, are all that's needed to generate B^{Mspin)- 
However, eliminating the other generators from the above presentation leads to a more 
cumbersome set of relations. As a special case we have B[{Mspin) = T^i{F{Mspin)) = 
'K2^TXi{Mspin), and hence for any n we can write i?^(Mspi^) = (^2 x iii^Mapin)) iS^. Our 
results for B^{Mspin) apply, in particular, to closed, orientable 3-manifolds M^^'> since they 
are all spin manifolds.u It is interesting to note that if Mi and M2 are two spin manifolds 
(of dimension three or more) with the same fundamental group, then B^{Mi) = B^{M2). 
Some common examples of spin manifolds are the Euclidean spaces IR and the 
spheres S"*^, as well as the real projective spaces IRP "^ and the complex projective 
spaces CP "^ . By the final remark of the preceding paragraph we have B^(JR ) = 
B^{S'^) = i?^(CP '^"'~ ), for d > 3 and m > 1, since these spaces are all simply connected 
and have dimension at least 3 (recall that dim CP"^ = 2m). For these manifolds the set 



Moreover, these spaces are parallelizable (that is, F{M^^') = 50(3) x M^^') because here 
LO^^' is a full section for p, and sectioned principal bundles are homeomorphic to a product. Every 
closed, orientable 2-manifold is a spin manifold as well. However their treatment is somewhat 
different as we shall see in Section 5. 



X is empty and B^ is just the wreath product Z2 I S^ generated by the cTi's and the r^'s. 
This group has n ■ 2"^ elements. It is easy to check that the one- dimensional unitary repre- 
sentations of ^2 I Sm n >2, are given by the four possible combinations ai = ±1, Vj = ±1 
(1 < z < n — 1, 1 < J < n). (If 71 = 1, then the group is a single ^2 generated by ri 
and there are only two lUR's, namely, ri = ±1.) In the corresponding scalar quantum 
theories, the particles obey Bose (respectively, Fermi) statistics if a^ = 1 (respectively, —1), 
and they have integral (respectively, half-integral) spin if r^ = 1 (respectively, —1). Note 
that there exist theories which violate the usual spin-statistics connection, since we can 
choose the cr's and r's to have opposite signs. Since ^2 I Sn is nonabelian for n > 2, there 
will also be higher dimensional lUR's in these cases and hence nonscalar quantizations. 
As an example, consider the case n = 2. The group ^2 I ^2 is isomorphic to the dihedral 
group of order 8. Along with the four lUR's of dimension one described above, it has a 
two-dimensional lUR determined by 

^i=(j -1)' "2=(? I)- (3-^) 

(The 27r-rotation ri is given by a^ ?'20"i-) In the associated quantum theory, the two 
particles obey a type of "half Bose - half Fermi" statistics which has been called ambis- 
tatistics. In the past, ambistatistics has been obtained for structureless particles either 
on nonsimply connected spaces [H0[0, or on simply connected spaces in the presence 



of spectators which effectively create noncontractible loops [^|[^^. Similar quantizations 



have also been found for extended objects such as identical geons in quantum gravity [|2^ 



topological solitons in certain nonlinear sigma models ||2^[^5|, and strings in mechanics 
m^ and certain gauge theories [^. In (|3.5|) , however, we have obtained ambistatistics 
for pointlike particles on a simply connected manifold with no spectators by introducing 
an internal spin degree of freedom. We also see that these particles possess what may be 
called ambispin. 

For three or more particles we can construct lUR's leading to parastatistics. These 
representations, when restricted to the a^'s, yield lUR's of S^ of dimension two or more. 
For instance, Z2 I S^ has two lUR's of dimension two given by 

The matrices for o"i and o"2 generate the two-dimensional lUR of 5*3. So both of the 



representations in (|3.6| ) give parastatistics for the three particles. If we choose the plus 
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sign for r^ (= r2 = ri), then these paraparticles have integral spin. The minus sign yields 
half-integral spin. There are also four lUR's of ^2 I Ss of dimension three. They give rise 
to other types of exotic statistics. Similar results hold for n > 4. 

For nonsimply connected spin manifolds Mgpin {d > 3), the groups B^{Mspin) are 
"larger" than above, and their lUR's correspondingly more complex. However, ^2 I S^ 
is always a homomorphic image of B^(Mspin) (just set the generators in each X^^' equal 
to e). As a consequence, every lUR of ^2 I S^ can be naturally viewed as an lUR of 
B^{Mspin)- If we let ^ denote the homomorphism from B^{Mspin) onto ^2 I Sn, then 
the lUR of B^ (Mspin) associated with the lUR p of ^2 ? S^ is simply p o ^. Hence, the 
representations described in the simply connected case above, as well as their quantum 
mechanical interpretations, are still relevant for a general Mgpin- There may, of course, be 
further lUR's. We conclude this section by noting one implication of the above discussion 
which will be of interest to us later. Namely, consider n identical particles moving on an 
arbitrary spin manifold of dimension three or more. Then, for any n, there exist scalar 
quantizations of this system where the particles have half-integral spin. 

4. B^{M) for Orientable Nonspin Manifolds {d > 3) 

We now turn our attention to the situation where M is an orientable, nonspin manifold 
with d > 3. The exact sequence (|3.1| ) is still valid here. One major difference from the 
spin manifold case is that the homomorphism a„ is no longer trivial in general. We will 
see that if a^ is not trivial, then it is onto and thus B^{M) = B^i^M). But if it is 
trivial, another difference is that the extension ( |3.1| ) will not be split. Therefore we must 
understand exactly when a„ is trivial, and if so how the relations in Bn{M) lift to B^{M). 
The performance of this task requires studying in more detail the obstructions to defining 
a spin structure on M. 

As mentioned earlier, an orientable manifold M is spin if and only if the second Stiefel- 
Whitney class W2 G if^(M;22) is trivial. However, there are two useful alternatives to 
this cohomological characterization of the obstruction to a spin structure. One involves 
the first two homotopy groups of M, while the other uses the first two homology groups. 
To describe the homotopy-theoretic alternative, we exhibit 7ri(F(M)) as an extension by 
using ( |3.1j ) with n = 1: 

{e} -^ IL^jIm ax ^ ni{F{M)) ^ ni{M) -^ {e}. (4.1) 
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M is said to have a tti- obstruction to a spin structure if ( ^4.1j ) does not split. (Note that 
this imphes that ai is trivial.) We say that M has a 712- obstruction to a spin structure if 
ai is nontrivial. 

Every orientable, nonspin manifold has one or the other (but by definition not both) 
of these obstructions. Some well known examples are the complex projective spaces CP "^ 
and the real projective spaces IRP "^ , m > 1. The former spaces are simply connected, 
but possess a 7r2-obstruction to a spin structure (7r2(CP "^) = 2). The latter spaces 
have trivial 7r2, but possess a TTi-obstruction (their fundamental group is ^2). Note that 
the product of a space with a TTi-obstruction and a space having a 7r2-obstruction, like 
MP X CP , has a 7r2-obstruction. In general, information about these two obstructions 
allows us to determine B^{M). For example, since (by definition) ai is an epimorphism 
for spaces with a 7r2-obstruction to a spin structure, we see that each a„, n > 2, is also 
onto for these manifolds. (Recall that a^ = (cti)"^ ° f-m and that /i„ is onto for d > 3.) 
Thus, we have: 

// an orientable manifold M has a 112 -obstruction to a spin structure, then B^{M) = 
Bn{M) for alln>l. 

As a consequence, in the quantum theories associated with lUR's of B^{M) the n iden- 
tical particles must have integral spin (since the 27r-rotations are homotopically trivial in 
Q^{M)). There will still be, in general, a wide spectrum of statistics for the particles in 
these quantum theories. For instance, we are assured of at least one lUR yielding Fermi 
statistics. As an example, consider the spaces CP "^, m > 1, described above. It is easy 
to show that i?^(CP "*) = 5"^ for any m. We thus obtain Bose, Fermi and parastatistical 
quantizations, but the identical particles in each of these theories have integral spin. In 
Section 8 we will see how half-integral spin may be obtained on CP "^ even though it does 
not allow ordinary spinors. 

What about the case when M has a TTi-obstruction? Here the map an is trivial and 
we have 

{e} ^ Z- 1:^ B^{M) ^"^^ B^iM) -. {e}. (4.2) 



In this case, B^{M) has the "same" set of generators as for M a spin manifold. Further, 
( [4.2| ) has the same coupling as ( |3.iJ| ) so that the relations in ( ^.41 ) hold here as well. The 
extension (|4.2D, however, does not split. So there are relations in Bn{M) which get modified 



when lifted to B^{M). From the discussion in the last paragraph of Section 2, it can be 
deduced that the relations in ( p.2|) go over without change to B^{M). It is only the n 
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copies W-'^' of the set R of relations given in the presentation tti (M) = < X \ R> that must 
be modified. For each 1 < i < n, the new set RS'^' of hfted relations can be obtained as 
follows. First, choose a representative loop l^ for each homotopy class x E X. (We assume 
all loops are based at rrii G M.) This allows us to find a representative for each word in 
these generators, that is, for each string of products of elements m. XUX~^ . In particular, 
we can construct a representative lyj for each word w such that w = eis a, relation in R. We 
may then lift ly^ to a loop lyj in F{M) and deform it so that it lies completely in the SO{d) 
fiber over m^. If this procedure yields a loop which is homotopically trivial in SO{d), then 
the relation w = e carries over to the set R^^' . On the other hand, if this deformation of 
iw lies in the class of the 27r-rotation, then the new relation w = Vi replaces w = e. This 
gives us R^^'. To recap, let M be an orientable manifold {d > 3) with a TTi-obstruction to 
a spin structure. Also let 7ri(M) = < X \ R>. Then B^{M) is generated by the n copies 
X^^' of the set X, along with the n — 1 exchanges ai and the n rotations rj. The defining 
relations consist of the sets i?*^*^ just described, as well as the relations in (|3.2| ) and (|3.4| ). 

As an example, consider the spaces IRP "^ , tti > 1. For any m we have 
7ri(lRP^'^''"^) = <x|x^ = e> = Z2, and for each 1 < i < n the set R^"^^ contains 
the single relation x^ = r^. So the group Sf (IRP'^"'+^) = 7ri(F(IRP'^"'+^)) is isomorphic 
to ^4, where the 27r-rotation r is the square of the generator x. There are four lUR's 
of ^4 given by a; = ±1 and x = ±i. In the quantizations of the one-particle system 
corresponding to the first two lUR's, the particle has integral spin (x^ = r = 1). In the 
remaining two, the particle has half-integral spin (x^ = r = —1). Of course for higher n 
we have i?^(PP '^+^) = W.4I Sn, and similar statements hold about the allowed spins 
for the n identical particles. More generally, one can prove that there exists an lUR of 
B^{M) such that the corresponding quantum theory yields half-integral spin if and only 
if M has no 7r2-obstruction. It is curious that half-integral spin is allowed on spaces with a 
TTi-obstruction even though they do not admit ordinary spinors. In many cases, this is due 
to the existence of a generalized spin structure on the manifold called a spin^ structure. 
This will be discussed in more detail in Section 8. 

An alternative way of describing the possible obstructions to a spin structure for an 
orientable manifold M utilizes the first two homology groups of M. More specifically, 
consider the following commutative diagram: 



7T2{M) ^ii. Z2 ^^ 7ri(F(M)) ^^ 7ri(M) -. {e} 
id 

H2{M) ^^ Z2 ^^ Hi{F{M)) ^ Hi{M) -^ {e}. 
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(4.3) 



The bottom row is the Serre exact homology sequence of the frame bundle of M, and the 
homomorphism r is known as the transgression. Each of the vertical maps is the Hurewicz 
homomorphism. In particular, the second one from the left, namely id, is the identity map. 
We say that M has an Hi- obstruction to a spin structure if the extension 

{e} -^ TL^lIm r ^ Hi{F{M)) ^ Hi{M) -^ {e} (4.4) 

does not split. M is said to possess an H2- obstruction if r is nontrivial. 

Again, every orientable, nonspin manifold has one or the other (but not both) of these 
obstructions. From the commutativity of ( [4.3|) we see that spaces with a 7r2-obstruction 
necessarily have an if2-obstruction. Thus, for example, each of the spaces CP "^ above 
has an if2-obstruction to a spin structure. The spaces IRP "^ discussed earlier have an 
if 1 -obstruction since if 2 of each of these spaces is trivial. However, there is no general 
connection between tti- and ifi-obstructions. Indeed, there exist orientable manifolds 
which have a tti- and an iJ2-obstruction to a spin structure. The simplest example we know 
of is the 5-dimensional closed, flat Riemmanian manifold constructed in [|2^. This nonspin 
manifold, which we denote by M5, has a nonabelian, torsion- free fundamental group and 
is asphericaM (that is, TiniM^) is trivial for n > 2). Thus, it must have a TTi-obstruction 



to a spin structure. However, M5 can be shown to possess an if2-obstruction as well ||29|| . 



Generalizing the methods of I23], the author of [Q constructed closed, flat Riemmanian 
manifolds of any odd dimension > 5 which have W2 ^ 0. All of these spaces can be shown 
to have a tti- and an if2-obstruction to a spin structure. Note that if a manifold M has 
a TTi- and an if2-obstruction, then the 27r-rotation r G ni{F{M)) is nontrivial and lies in 
the commutator subgroup. Thus, half-integral spin quantizations for a particle on M exist, 
but they are necessarily nonscalar. (Similar results hold for n particles on M.) In general, 
there exists a one- dimensional lUR of B^{M) yielding half-integral spin for n identical 
particles on a manifold M if and only if M has no ii^2-obstruction to a spin structure. 
We should point out that the notion of what we call here a 7r2-obstruction to a spin 



structure has been discussed in the past (see, for example, [0|3^]). The authors of [^ 
also discuss an obstruction to deflning spinors having its origin in the fundamental group 
of the manifold M in question. This is similar to our tti -obstruction. They further claim 
that if 7ri(M) has no elements of even order, then there is no such obstruction. However 



the examples of ||27|| and |^^ clearly show that noncontractible loops in M can be the 
source of an obstruction to a spin structure even if 7ri(M) is torsion-free. Finally, as far as 
we can tell, the if 1- and if2-obstructions deflned above have not been discussed previously. 



Indeed all closed, flat Riemmanian manifolds are aspherical, and all finite-dimensional as- 



pherical spaces must have torsion-free fundamental groups [28|. 

13 



5. B^{M) for Orientable Surfaces 

In the previous two sections we have calculated the groups B^{M)^ n > 1, for an 
arbitrary orientable manifold of dimension three or more. The computations for an ori- 
entable 2-manifold M^"^' are more difficult. The additional complications have three main 
sources. First, for any bundle E over M*-^\ the codimension of Ap in E^ is only two 
and hence 7ri(i?"^ — Ap) 7^ 7ri(i?)" in general. The low codimension of Ap further implies 
that the homomorphism n^ '■ ^2{Qn{M^'^^)) ^ 7i2{M^'^^)'^ is not necessarily onto. Second, 
unlike in higher dimensions, the extension (|2.5|) generally does not split. In particular, 
the exchanges a^ may no longer square to the identity. This is the reason why fractional 
statistics can occur in two spatial dimensions. Finally, we have that tti (5*0(2)) = 2 and 
not Z2. This is why fractional spin is allowed in two dimensions (the 27r-rotations r^ need 
not square to the identity). The following exact sequence replaces ( p.l|) : 



{e} ^ ZV/m a, ^ Sf (M^^)) H' B^{M^^)) ^ {e}. (5.1) 

If the characteristic class ^2 G if^(M*-^-'; 2) of the tangent bundle Tj^(2) vanishes, then 
p : F{M^'^') -^ M*-^-* has a full section, implying that a^ is trivial and the extension 
( ^J]) splits. (Note that ti is still zero.) But ^2 lives in the second integral cohomology 
group and so is no longer the second Stiefel- Whitney class; it is the Euler class. Hence, 
^2 need not vanish even if M^'^> is a spin manifold. It is worth mentioning here that if 
7ri(M(^)) = < X \ R >, then, as for (i > 3, B^{M^'^^) can be generated by n copies 
of X along with the a^'s and r^'s. The set of defining relations, however, is much more 
cumbersome.113 

Things simplify for fiat surfaces M^^^^, since they are parallelizable. Examples are the 
plane IR , the torus T^, and either of these with an arbitrary number of punctures (like the 
cylinder which is homeomorphic to IR — {0}). For these spaces ^2 = 0, so that i?^(M^;^J 
is a semidirect product of Z"^ by i?„(Ml^^^). The last four sets of equations in (|3.4|) hold 
in B^{M\j^I^), with the last three giving the coupling of the above semidirect product. To 
these relations, one need only add those for Bn{M\i^^) to obtain a complete presentation of 
B^. For example, the last two sets of equations in (|3.2|) are a full set of defining relations 



When working in two spatial dimensions, it is important to make our orientation conventions 
for the fj's and r's explicit since they may not square to the identity. We always choose the cr's 
to be "clockwise" exchanges, and the r's similarly to be clockwise rotations. 
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for the classical braid grouplliJ i?„(lR ), and using this we obtain B^(JR ) ||3^. Its one- 
dimensional lUR's are given by a^ = e'^, rj = e"^, for < ^, (/> < 27r and all i and j. 
Thus we obtain the full spectrum of fractional spin and statistics for n identical particles 
on IR . Higher-dimensional lUR's of -B^(1R ) give rise to other types of exotic spin and 
statistics. The ordinary braid groups Bn of the cylinder [Q and the torus ||3^ [^ are also 
well known, and the above procedure can be used to determine B^ for these spaces. 



The groups B^ of any closed, orientable surface are known as well (for 5" see ||3^ , for 



all higher genus surfaces see [^5| [0). But here, except for the torus, ^2 7^ and much more 
work has to be done to calculate B^ . For a closed, orientable surface Mg of genus g, we 
have H'^{Mf^- TL) = 1. and we can choose ^2 = 2(1 - £?). \i g>\ then 7r2(M^|\) = {e}, 

(2) 



which has been shown to imply that 7r2((5^(M^>j^)) = {e} for all n > 1 0]. This yields 



{e} - in 



K^M^aix) ^'^' Br,{M^'^ 



g>lJ 



{e}. 



(5.2) 



r(2) 



The group Bn{M^-J^) is generated by the exchanges cr^, 1 < z < n — 1, along with elements 
Ph Th 1 < ^ < fi*- The p's (respectively, r's) correspond to taking the particle at mi 

(2) 

around the g meridianal (respectively, longitudinal) homology cycles in M^y^ in the manner 



described in [^. The defining relations among these generators are given by the last two 
sets of equations in (|3.2|) along with 



(Ti . . . al_i . . . (JiTgTg-i . . . ri(pi Vi Vi) • • • {pg ^r Va) 



(5.3) 



and 



(^ipl 


= Plf^i 


2<i<n-l; l<l<g 


(Jin 


= nai 


2<i<n-l] l<l<g 


(^lPm(^lPl 


= PlC^lPmCTl 


m> I; 1 <l,m < g, 


<7ir^Crf V; 


= n<yiTni<7i^ 


m > I; 1 < /,m < (yf. 


amam 


= namai 


l<l<9: 


C^lTm.'^l Pi 


= Pl<yiTm<^l 


m > I; 1 < /,m < (7, 


(^iPmCTlTl 


= ncriPmCFl 


m > I; 1 < l,m < g, 


CTi^Plcrm 


= naipiai 


i<l<g. 



(5.4) 



These local relations clearly hold in the braid group of any other 2-nianifold, but there are, 
most often, numerous others as well. 
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The relation ( p.3|) gets modified when hfted to B^(M^y^). The new relation reads 
13] PI (see also 0) 



ai...al_^...aiTgTg_i...Ti{p^^T^^pi)...{Pg\g^Pg) = rl^^ ^\ (5.5) 

By contrast, the relations in ( |5.4| ) remain valid when lifted. To complete the presentation 
of Sf (M^>\) we add to O and {^ the following: 

1 < z <n-2, 

l<ij <n- 1; |z- jl > 2, 

1 < z,j < n, 

l<z<n-l, (5.6) 

1 < z < n — 1; 1 < J < n; J 7^ z, z + 1, 

1 < / < ^; 1 < i < n, 
1 < / < ^; 1 < J < n, 

which are the relevant portions of (|3.2| ) and ( |3.4| ). For n = 1, set each a^ = e in ( p.5| ). 
(To obtain S^ for the connected sum IR j^M J^^ or equivalently M^^^^ with a single point 
removed, simply ignore ( |5.5D in the presentation of B^{M^J^)). For a partial treatment of 
the representation theory of these groups, and the attendant consequences for the fractional 
spin and statistics of identical particles on these spaces, see [^ |TT|] . These systems will 



+i<yi 


— 


o"i+iO"i<: 


^i+1 


aiGj 


= 


GjOi 




TiTj 


= 


TjTi 




+l(^i 


= 


(^iri 




rjai 


= 


aiTj 




plTj 


= 


Tjpl 




TlTj 


= 


TjTi 





also possess quantizations in which the particles obey fractional ambistatistics and have 
fractional ambispin. 

The case M^^^ = 5"^ (that is, (7 = 0) is a bit different. F{S'^) is homeomorphic to IRP^ 
and thus B[{S'^) = tvi{F{S'^)) = Z2. This group is generated by the single 27r-rotation, 
which here does square to the identity. So fractional spin is not allowed for the particle. 
For any n > 2, the following genus zero version of ( pT5| ) holds in B^{S'^) | |TI[ ]: 

ai...al_^...ai=r-^. (5.7) 

As 5"^ is simply connected, there is no analog of the relations in ( |5.4| ). To complete the 



presentation of B^{S'^), we simply add the first five sets of relations in (|5.6|). This can 
be proven using, among other things, the results in [^. In particular, we note that for 
n > 3 we have Ti2{Qn{S'^)) = {e}, while Ti2{Q2{,S'^)) = TL and the homomorphism 02 is 
nontrivial. 
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(2) (2) 

For any open orientable surface Mopin, it is straightforward to show that 7r2 (Mopen) = 
{e}. Again, this imphes that 7r2 (Qn(-^open)) = {e} for aU n > 1. Hence, the homo- 
morphisms an are trivial for these spaces and there is an exact sequence for B:^ (Mopen) 
analogous to ( |5.2| ) for M^y-^^. If Mopin is fiat, we have already given a characterization of 
this extension in terms of Bn{Mopen)- All other cases must be handled individually, since 
there are no simple classification theorems for open 2-manifolds. 



6. B^{M) for Nonorientable Spaces 

If Mno is a nonorientable manifold of dimension d > 2, then the fiber of F{Mno) 
is the full orthogonal group 0{d). For any d we have 7To(0((i)) = Z2, and the map 
/3n : Bn{MNo) ^ ^2 ^^ ( |2-1| ) is onto. (The partial section lu^^^ does not exist because 
ti G H^ {Mno; T^o{0{d))), which is the first Stiefel- Whitney class wi, is nontrivial.) Thus, 
unlike the orientable case, the group H = Im{j>n)* is a proper subgroup of Bn{MNo)', 
it is the subgroup generated by local exchanges of the identical particles, and single par- 
ticle excursions around orientation preserving loops in Mnq- However for n = 1 we 
can always reduce the calculation back to the orientable case by noting that F{Mno) 
is homeomorphic to F{M), where M is the orientable double cover of M^o- Hence, 
B[{Mno)[= tvi{F{Mno))] is isomorphic to B[{M)[= tvi{F{M))]. This equality persists 
to larger values of n if d > 3, as can be seen from the discussion following ( pj.SI ). That is, 
we have: 

// Mno is a nonorientable manifold of three or more dimensions, and M is its orientable 
double cover, then B^{Mno) = B^{M) for alln>l. 

Thus, in this case, we may compute B^{Mno) using M and the methods described in 
sections 3 and 4. The interpretations of the generators of B^(M) given in these sections 
remain valid in B^{M]s[o)- They now represent particle rotations, exchanges and loops on 
Mno- It is important to note that the above result is not generally valid for d — 2. For 

example, it can be shown that i?|^(lRP ) is not isomorphic to B2 {S"^). 

(2^ (2^ 

For any closed, nonorientable surface M^^q it has been shown that 7r2((5n(Af7vo)) = 

{e} (for IRP see [Q, for all higher genuses see 0]). Thus, ( |2.2|) becomes (compare to 

(13)) 

{e} ^irh B^iM^^l) ^^A^* H -. {e}, (6.1) 
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where H is the subgroup of Bn{M)^Q) described above. The ordinary braid groups Br, 



of closed, nonorientable surfaces are aU known (for IRP see ||3^, for higher genuses see 
||40|| ), and in principle the subgroup H can be determined from these presentations. (For 
example, it can be shown from [^ that H C i?2(lRP ) is isomorphic to ^4.) However, in 



all but the simplest cases this is a formidable task. If H can be determined the next step is 
to compute the extension in ( |6.1| ) , which then can be used to discuss the spectrum of spin 



(2) 
and statistics for identical particles on Mj^q. We leave the completion of this program for 

future investigations. 



7. Relations to the 0{d-\- 1)-Invariant Sigma Model in {d-\- 1) -Dimensions 

There is a class of nonlinear field theories whose topological properties are intimately 
related to those of the above quantum mechanical systems. These are the 0((i+ l)-invariant 
sigma models in {d + l)-dimensions. At any fixed time, such a system is described (clas- 
sically) by a map from the space manifold M (which we assume to be closed and ori- 
entable) to the target space S'^, d = dim M. Thus, the configuration space is the set 
X{M) = Map(M, S'^) of all such maps (with the compact-open topology). This model has 
topological solitons labelled by the degree n of the map from M to 5"^ (7ro(X(M)) = 2). 
Thus, we may write X{M) as U'^^_^Xn{M), where the component Xn{M) contains only 
the maps of degree n. A degree n soliton configuration cpn '■ M ^ S'^ can be constructed by 
choosing a d-disk D in M and letting (p^ be constant everywhere except in the interior of 
D. The disk D with its boundary identified to a point can be thought of as a (i-sphere and 
(/)„ is chosen to map this sphere n times around the target S'^. All other maps in X^ are 
homotopic to this configuration. In particular, cp^ is homotopic to a map consisting of n 
isolated solitons of degree one which resembles the n identical particle configurations on M 
encountered in the quantum mechanical examples discussed earlier. Indeed, for each n > 1 
there is a continuous map / : Q^{M) -^ Xn{M) obtained by choosing n nonoverlapping 
disks centered at the positions of the framed particles in each configuration q G Q^{M), 
and then inserting a soliton of degree one on each of them. The radius of these disks (in a 
fixed metric on M) can be taken as, say, one-fourth of the distance between the two closest 
particles in q. The frame on a given particle is used to determine the orientation of the cor- 
responding soliton. Since / induces a homomorphism /* : tti{Q^{M)) -^ 7ri(X^(M)), each 
of the elements of the braid group B^{M) = tti{Q^{M)) has a counterpart in 7ri{Xn{M)). 
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We now compute the groups 7ri(X„(M)), whose representations provide information about 
the spectrum of spin and statistics for the above sohtons. 

We begin by reviewing some known results [0||T^[^1|. Corresponding to the ex- 
changes (Ji, the 27T-rotations rj and the one-particle loops x^^' in B^(M), there will be the 
analogous operations f*{cri), f*{rj) and f*{x^^') for the n degree one solitons. These op- 
erations can be shown to generate ni{Xn{M)). However, due to the possibility of creation 
and annihilation of soliton-antisoliton pairs, the /*(a"i)'s are all homotopic to each other. 
We denote their common homotopy class by a. A similar result holds for the /*(rj)'s and 
we denote the associated class by r. Moreover, there is a topological spin- statistics relation 
which states that a = r. Finally, for d > 3 it can be shown that any two loops /*(x*-'^-') and 
/*(?/'•'•') commute, even if k = I. We may thus obtain a partial presentation of ni{Xn{M)) 
by taking the image under /* of the generators and relations for B^{M), and adding the 
new relational^ 

^{(^^) = Mrj) = r l<i<n-l, l<j<n (7.1) 

and 

/*(x('=))/.(y('=)) = /*(y('))/*(x('=)) l<k<n, d>3. (7.2) 

Although there could, in principle, be additional relations that are needed, we will demon- 
strate that this is not the case; the above procedure defines a complete presentation of 
7ii{Xn{M)). In other words, if we denote by GniM) the group obtained from B^{M) by 
adding the relations in (|T]T|) and (^), then 7ri(X^(M)) = Gn{M). 

Before going further, we wish to point out that although the map / above is only 
defined for n positive, it is still possible to speak of the spin and statistics (as well as other 
properties) of the degree one solitons in Xn{M) for any ti G 2 — even Xo{M) which has 
no analog in our mechanical systems. Degree one soliton rotation and loop operations in 
an arbitrary Xn{M) can be described (for example) by starting with a configuration where 
the field is constant everywhere except on a disk D in M. Next, create a degree one soliton 
anti-soliton pair in the vacuum outside of D, and then perform the appropriate operation 
on the soliton before finally annihilating the pair. To define the soliton exchange operation 
we must create two degree one soliton anti-soliton pairs, exchange the two solitons, and 
then annihilate. The group 7ri(X„(M)) for any n is generated by (the homotopy classes of) 



For n > 2, the relations in (7.2) are a consequence of those in B^{M) and (7.1). For n 
(7.1) is vacuous, while (7.2) in general provides new relations. 
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these processes. (Indeed, for n > 1 this is the same set of generators as that described above 
using f^.) We also note that there is a homomorphism "i/'^.m : T^i{Xn{M)) -^ 7ri{Xm{M)), 
for any n,m E^, which sends each such degree one process in Xn[M) to the corresponding 
one in X^(M). This shows, among other things, that the spin-statistics connection holds 
in every X„(M). 

The starting point for our demonstration of the equality 7ri(X^(M)) = Gn{M) is the 



exact sequence 42 



H^-^M-TL) ^ H^iM-na+iiS")) A n,{X^{M)) ^ H^-^M-TL) -. {e}, (7.3) 

which may be obtained using a Postnikov decomposition of the target sphere 5''^. For d = 2 
we have 713(5*^) = 2 and the map 9 in ( |7.3| ) is given by 6{x) = y^'"', where x E H^{M] 2) = 
2 and y G H^{M; 2) = 2 are suitably chosen generators. For d > 3 we have nd+i{S'^) = 
^2 and 9 is equal to the composite Sq op, where p : H'^~^{M; 2) -^ if'^~^(M; ^2) is mod 
2 reduction and Sq : H'^~'^{M; ^2) — > H'^{M; TL'i) is the Steenrod square operation. Since 
M is closed and orientable we may write (for any d > 2) H'^{M;TTd+i{S'^)) = iVd+iiS'^), 
and by Poincare duality H'^-^{M]T) = Hi{M). Thus, (^) becomes 

{e} ^ nd+i{S'')/Im 9 A 7ri(X„(M)) ^ Hi{M) ^ {e}. (7.4) 



The image under A of the generator of nd+i{S ) is the 27r-rotation r [^^. Under the 



homomorphism p, the operation of taking a degree one soliton around a loop £ in M goes 
to the homology class of i. 



We now assume d> 3. Then, using the techniques described (for example) in |^^, it 
can be shown that each of the homomorphisms 'i(^n,m '■ 7ri(X„(M)) -^ 7ri(Xm(M)) above is 
an isomorphism. (The isomorphism class of G„,(M) is similarly n-independent and we will 



simply write txi[X[M)) and G{M) in what follows.) The exact sequence (7^) becomes 



{e} ^ Z2//m 9 A ni{X{M)) ^ Hi{M) -^ {e}, (7.5) 

where ^ = Sq o p. It is also known that Sq (x) is equal to the cup product x U t/2, where 
X G H'^~'^{M; ^2) and the Wu class U2 G H'^{M; ^2) is equal to W2 +WiUwi. Here Wi 
and W2 are the first and second Stiefel- Whitney classes of tm respectively. Since M is 
orientable we have wi = 0. Hence Sq (x) = x U ty2- We will now show that: 

The homomorphism 9 is trivial if and only if M has no H 2- obstruction to a spin structure. 
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To prove this we use Lemma 1 of [J5| which imphes that 6 is trivial if and only if W2 is the 
mod 2 reduction of an integral class Z2 G H^{M; 2) which has finite order. Thus, all we 
need to show is that there exists such an element Z2 if and only if M has no -ff2-obstruction. 
We first tackle the "only if" implication. Manifolds with no if 2 -obstruction fall into two 
classes. First the spin manifolds which can be handled easily since they have W2 = 0. 
(Simply take Z2 = 0.) The remaining spaces are those with an i^i-obstruction. If we write 
by the Universal Coefficient Theorem 

{e} ^ Ext(ifi(M), Z2) ^ H^{M- Z2) ^ Hom(i72(M), Z2) ^ {e}, (7.6) 

then the Stiefel- Whitney class W2 for such a space lives completely in the Ext subgroup. As 
such, it can be seen as the mod 2 reduction of an element Z2 G Ext(iifi(M), 2) C H^[M; 2) 
which clearly has finite order. Finally, to deal with the "if" implication, we must show that 
if M does possess an i72-obstruction, then no such element Z2 of finite order exists. This 
follows from the fact that (3{w2) G Hom(if2(M), ^2) is the transgression r (see Section 4), 
which is nontrivial for these spaces. So if W2 is the reduction of an integral class Z2, then 
Z2 must map nontrivially into Hom(if2(M), 2) which is torsion-free. This completes the 
proof. 

As a result of the above theorem, we see that for manifolds having no iJ2-obstruction 
to a spin structure we have 

(e} ^ 22 ^ MX{M)) ^ H,{M) ^ {e}. (7.7) 

We may write down a similar sequence for the group G{M) in this case. That is, it is 
straightforward to show (using the results of Sections 3 and 4) that G{M)/'S.2 = -ffi(M), 
where the normal subgroup Z2 is generated by the 27r-rotation r. Since adjoining any 
additional (nonredundant) relations to G{M) would ruin this property, we must have 
7ri(X(M)) = G{M) here. For spin manifolds Mspin, one can use the results of Section 3 to 
further demonstrate that 7ri{X (Mspin)) = G{Mspin) = ^2 x Hi{Mspin)- By contrast, the 
extension (|7.7|) does not split if M has an i^i-obstruction. However ni(X{M)) = G{M) 
is still abelian here — for instance, 7ri(X(IRP "^ )) = Z4 for m > 1. In the case of 
manifolds with an if2-obstruction, the map 6 is onto. Hence the rotation r is trivial and 
from (|7.5| ) we have 7ri(X(M)) = Hi{M) in this situation. Using the results of Section 4 



we see that G{M) = Hi{M) as weU. We have thus shown that ni{X{M)) = G{M) for 
all closed, orientable manifolds of three or more dimensions. Note that unlike the case of 
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identical particles on M, there are only scalar quantizations of the above nonlinear sigma 
models (for d > 3) since 7ri{X{M)) is always abelian. However, as in the particle case, 
there exists a one- dimensional lUR of ni{X(M)) yielding half-integral spin for the degree 
one solitons if and only if M has no iif2-obstruction. 

For a closed, orientable surface Mg of genus g, the extension ( [T^) becomes 



{e} - 22|n| - 7ri(X„(Mf )) ^ ifi(Mf ) -. {e}. (7.8) 

(2) 

Two major differences from the situation in higher dimensions are: (1) TTi{Xn{Mg )) 
depends on n (actually, only on |n|); and (2) these groups are nonabelian for 5* > 1. 
Clearly we have 7ri(Xn(S'^)) = '^2\n\- The extension ( ffTSf ) for the groups ni{Xn{M^J-^)) 



has been computed in [^. They are generated by degree one soliton loops pi and r^, 
1 ^ ^ ^ fi* (analogous to those defined in Section 5) along with the degree one soliton 
rotation r. The defining relations are r^" = e along with 

pir = rpi l<l< g, 

nr = rTi I <l < g, 

PiPk = PkPi ^<l,k<g, 

(7.9) 
nrk = TkTi I <l,k < g, 

PiTk = Tkpi I <l 7^ k < g, 

piTi = r'^Tipi l<l<g. 

Using the results of Section 5 it is easy to prove that 7Ti{Xn{Mg )) = Gn{Mg ') forg>0 



and 71 > 1 (see also ElUl). Thus, the equality of ni{Xn{M)) and Gn{M) holds for aU 



closed, orientable manifolds of dimension two or more. 

The above results can be extended to an (infinite volume) open manifold M = IR ^M 
of dimension d> 2, whose one-point compactification is the closed, orientable manifold M. 
Here the fields of the 0((i -(-l)-invariant sigma model must go to a constant at spatial infinity 
in order to have finite energy. Thus, the space manifold M is effectively compactified to M 
and the appropriate configuration space is the set X*{M) = Map^(M, S'^) of all basepoint 
preserving maps from M to S'^. That is, for every cp^ G X*{M) we have (^*(?7io) = sq, 
where tuq is the "point at infinity" on M and sq is a fixed element of S'^. The model still 
possesses topological solitons {7ro{X*{M)) = 2) and we may again compute the group 
ni{X*{M)) for the degree n sector X*{M), n ^TL. There is a simple fibration relating 
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X*{M) and the space X{M) considered previously. More precisely, for any n there is a 
fibering // : Xn{M) -^ S'^ given by fx{(/}) = 4>{mQ) for all (j) G X(M). The fiber above a 
given point sq G S'^ is just the space X*{M). The long exact homotopy sequence of // 
yields 

• • ■ ^ 7r2(5") ^ 7v^{X:{M)) ^ 7ri(X^(M)) ^ 7v^{S'') ^ ■ ■ ■ . (7.10) 

If (i > 3, we see that 7ri(X*(M)) = 7ri(X„(M)) and hence the results of this section apply. 
(Note that B^{M) = B^{M) in this case as well.) If d = 2, all we know from ( |7T0| ) 
is that 'Ki{Xji{Mg ')) is a homomorphic image of 7ri(X*(Mg )). These latter groups 
have been calculated in [^; all one has to do is remove the relation r^"^ = e from the 
above presentation of 7ri(X„(Mg )). In other words 7ri(X*(S'^)) = Z, while the groups 
7ri(X*(M^>j^)) are generated by r, pi and ti subject only to the relations in (fO|). Note 

(2^ 

that unlike the situation for Xn{Mg '), these groups are independent of n and (like the 
case of particles on Mg ) the full range of fractional spin and statistics can be obtained at 

(2^ " (2^ 

the level of scalar quantizations. Finally, it can be shown that Tii{X*{Mg )) = G{Mg ) 



for all ^ > |15 



We conclude this section with a brief discussion of the 0((i + l)-invariant sigma model 
with a closed, nonorientable space manifold M^o of dimension d. One major difference 
from the orientable case is that txq[X[Mi^o)) = ^2- Thus there exist solitons, but they 
can be continuously deformed into their antisolitons. (More precisely, solitons are turned 
into antisolitons by bringing them around an orientation reversing loop in Mnq-) Another 
way of saying this is that the degree of a map from M^o to S'^ is only defined mod 2. 
Hence, we need only consider Xq and Xi. The exact sequence ( [tTsD is still valid for Mno 
(where n is to be taken mod 2), only now H'^^M^q] ^) = ^2 for all d and we cannot use 
Poincare duality on H'^~^[Mj^o'i ^)- In place of ( |7.4| ) we therefore have 

{e} ^ 7L2/ Im e A 7ri(X^(M^o)) -^ H''-\Mno\ Z) ^ {e}, (7.11) 

where the map 6 is still Sq o p for (i > 3, but is now trivial for d = 2. The spin- 
statistics connection remains valid, and the image under A of the generator of ^2 is the 
homotopy class of the 27r-rotation of a degree one soliton. It has also been shown that 
Tri{Xn{MNo)) is abelian (and independent of n) for all d, and further that (|7.11| ) splits 
for d = 2 P2|. Note that there are two major differences from the situation for identical 



(2) 
particles on M^o (see Section 6). First, for any closed, nonorientable surface Mj^^ the 

above 27r-rotation squares to the identity in Tri(Xn{Mp^Q)) = Z2 x H^{Mj^q), while the 
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analogous operation for particles has infinite order (see (|6.1|)). Second, if (i > 3 we have 
seen that B^{Mno) = B^{M), where M is the orientable double cover of M. However, in 
general, the groups ni{Xn{MNo)) and TTi{Xn{M)) are differentll^ for any d — for example, 
'n:i{Xn{S^ X IRP )) 7^ ni{Xn{S^ x S"^)). We leave details concerning the spin and statistics 
of 0{d + 1) solitons on nonorientable manifolds for future work. 

8. Half-Integral Spin on Nonspin Manifolds - A General Treatment 

The purpose of this section is to obtain a better understanding of why we have en- 
countered scalar quantum theories possessing half-integral spin objects (in both mechanics 
and field theory) on manifolds having an ifi-obstruction to a spin structure. We will also 
see how to get similar results on certain spaces having an if2-obstruction by considering 
more general quantum theories than those based on lUR's of the fundamental group of the 
relevant configuration space Q. Although we restrict ourselves to scalar quantizations, we 
will consider state vectors that are sections of an arbitrary complex line bundle L over Q. 
Such bundles can be classified by the elements of H'^{Q; 2). By the Universal Coefficient 
Theorem this group can be written as the direct product of the free part of H2{Q) and 
the torsion part of Hi{Q). The fiat bundles are associated with these latter torsion ele- 
ments.llj In [^, a procedure is given which (for d >3) allows us to determine the spin of 



the above particle-like objects in the quantum theory associated with a bundle L. First, 
we choose a configuration qo E Q which contains such an object and construct the map 
g : SO{d) -^ Q given by g{R) = Rqo- Here R is a, rotation in SO{d) and Rqq denotes the 
configuration in which the particle has been appropriately rotated. The map g induces 
a homomorphism g* : H^{Q;'^) — » H^{SO{d);'^). If the line bundle L corresponds to 
the element z G H^{Q;^), then the particle has half-integral spin in the corresponding 
quantum theory if and only if g{z) is the nontrivial element of H'^{SO{d); 2) = ^2. There 
is always at least one integral spin quantization since we may choose L to be the trivial 
line bundle which corresponds to the identity element of H^{Q;^). If the particle-like 
objects live on a manifold M (which for the remainder of this section is assumed to be 
closed, orientable and of dimension d > 3), then one may have guessed that there exist 
half-integral spin quantizations if and only if M is a spin manifold. However in previous 



One source of this difference is the fact that H ^^(Mno] 2) 7^ H\{M) in general. 
Flat line bundles associated with distinct one-dimensional representations of i^i{Q) may 
correspond to the same element of H^{Q\ TL). 

24 



sections we have seen that this is not the case. More precisely, such quantizations indeed 
exist if M is a spin manifold, but they arise in certain other cases as well. A study of these 
situations leads us to the following conjecture: 

In the above mechanical and field-theoretic models, there exist half-integral spin scalar 
quantizations if and only if the underlying space manifold M possesses a spin^ structure. 

A manifold M has a spiuc structure if the principal SO {d)-hniidle F{M) can be extended 
to a principal 5']5mc((i) -bundle over M, where Spinc{d) = Spin{d) x U{l)/'^2- (The 
^2 action sends {S,u) G Spin{d) x U{1) to {—S,—u).) Such a structure exists on M 
if and only if the second Stiefel- Whitney class W2 G H'^{M;'S.2) is the mod 2 reduc- 
tion of an element of iJ^(M;Z). This is equivalent to the statement h{w2) = 0, where 
h : H'^{M;'Z.2) -^ i7"^(M;Z) is the Bockstein homomorphism. Clearly all spin manifolds 
have a spin^ structure. Moreover, by the discussion following ( [7.6| ), all manifolds with an 
if 1 -obstruction to a spin structure possess spin^ structures. This is also true of some, but 
not all, manifolds having an if2-obstruction. For example the spaces CP '^, m > 1, are 
spin^ manifolds with an if2-obstruction. The same is true of the examples in ||2^ and [^ 
(see |]5^). On the other hand, consider the five-dimensional coset space K = SU{3)/SO{3). 
We have ni{K) = {e}, 7t2{K) = Z2 and H'^{K; TL^) = Z2. The generator of this last group 
can be shown to be W2- Thus, K has a 7r2- (and hence an H2-) obstruction to a spin struc- 
ture. However because H^{K; Z) is trivial, K is not a spin^ manifold ||2^. Since it is known 
that all closed, orientable manifolds of dimension less than five are spin^, this example is 
in some sense minimal. There are also examples of closed, fiat Riemmanian manifolds (in 
any even dimension > 6) which have a tti- and an i72-obstruction to a spin structure and 
are not spin^ [^ . 



We will first prove the above conjecture for the simple case of a single particle on M. 
Here Q = F{M) and the map g : SO{d) -^ F{M) is just the inclusion map of an SO{d) 
fiber into F{M). The induced map g* can be determined from the Serre exact cohomology 
sequence for the frame bundle: 

{e} -^ H^{M- Z) ^ H^{F{M)- Z) ^ H^{SO{d); Z) ^ H^{M; Z) . (8.1) 

It can be shown that /3 maps the generator of H'^{SO{d)]W.) = Z2 to b{w2) G H^{M; Z). 
Thus, g* is onto (showing the existence of a half-integral spin scalar quantum theory) if 
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and only if M possesses a spin^ structure.!!^ This result can be extended to the case of 



n 



P' 



distinguishable particles on M, n > 1. The configuration space is Q^ (M) = F^{M) — A 
and to find the spin of the ith particle we use the map Qi : SO{d) -^ Q^{M) which rotates 
this particle in a given configuration. We may also relate this situation to the one-particle 
case through the commutative diagram 

SO{d) -^ Q^{M) 



9 



hi (8.2) 

F(M), 



where the map hi simply reads off the coordinates and frame of the ith particle, 
yields the following diagram of cohomology groups: 



H\SOidy,T) ^ if^(Q^(M);2) 

~k (8.3) 



9' 



H\F{M)]T). 



The commutativity of (|8.3|) tells us that g* is onto if M is spin^ (since g* is onto in 
this case). That is, for each z, there exists at least one scalar quantum theory in which 
particle i has half-integral spin. Conversely, if M is not a spin^ manifold then g* is 
trivial. However this does not imply that g* is trivial, since it is still possible that g* is 
onto and Im h* C Ker g*. To show that this does not occur, we will need to compute 
H"^ {Q^{M)\'K) . Without loss of generality we may assume that d > h, since all closed 
manifolds of dimension less than five are spin^. Since Ap has codimension d in F{M)^, the 
inclusion of Q^{M) into F{M)'^ induces an isomorphism on H^ in this case.cB So we can 
write H^{Q^{M); TL) = H'^{F{MY] 2) = H'^{F{M);'2.Y x A, where A is free abelian and 
we have used the Kunneth formula to obtain the last equality. (This result holds whether 
or not M is spin^.) The map h* in ( |8.3| ) is then an isomorphism onto the ith factor of 
H'^{F{M); 2) in H'^{Q^{M); 2), and the commutativity of the diagram implies that g* is 
trivial for alH > 1. Therefore, there are no half-integral spin scalar quantizations for any 
particle. This completes the proof of our conjecture for n distinguishable particles on M. 



Note that in order to construct half-integral spin scalar quantum theories on spin^ manifolds 
having an i^2-obstruction to an ordinary spin structure, such as CP'^'", we must use nonflat 
bundles. 

This is even true for d = 4. For d = 3, the induced map on H^ is an epimorphism. 
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At this point it would be natural to treat the case of n identical particles on M. 
However, we find it easier to first consider identical 0{d + 1) solitons on M and then 
return to the particle situation. We therefore wish to consider the groups H'^{Xn{M); 2) 
for M a closed, orientable manifold of dimension d > 3. We will first treat the case n = 1, 
and then use this result to deal with all other values of n. We can relate the n = 1 case to 
our previous results for a single particle by using the following commutative diagram: 

SO{d) -^ F{M) 

\ [f (8.4) 

•^ Xi{M). 

Here j is the rotation map for a configuration containing a single degree one soliton, and 
/ is the map of the previous section. This yields the following diagram of cohomology 
groups: 

if2(^0(d);Z) ^ H^{F{My,T) 



r (8.5) 

' H'\X^{M)-7Z.). 

Without any explicit information about /*, the commutativity of ( p.5|) along with our 
results for the single particle case already show that there are no half-integral spin scalar 
quantizations for degree one solitons in Xi{M) when M is not spin^. That is, in this 
case g* — and hence j* = g* o f* — is trivial. To show that such quantizations exist (or 
equivalently, j* is onto) if M is spin^, we must compute H'^{Xi{M); 2). The torsion part 
of this group can be computed using the results of the previous section on 7ri(Xi(M)). 
The torsion- free part can be found using standard techniques in the theory of localization 
of homotopy types (in particular rational homotopy theory) |]5^. Putting these results 
together, it is straightforward to show that H'^{Xi{M); 2) has a direct factor isomorphic 
to H'^{F{M)]T). The map /* in (U) then sends this factor onto the target H'^{F{M); Z). 
The commutativity of ( |8.5| ), along with the single particle result, then implies that j* is 
onto if M is spin^. This takes care of the n = 1 case. For an arbitrary n consider a 
configuration in Xn{M) which contains (among other things) an isolated degree one soliton, 
and let j : SO{d) -^ Xn{M) be the rotation map for this soliton. We must show that 
j* : H'^{Xn{M); Z) -^ H'^{SO{d); Z) is onto if and only if M is spin^. One can demonstrate 
(by an extension of the arguments used to show the n-independence of tti (X„(M))) that for 
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any integers n and m there is an isomorphism \E'n,m '■ H'^{Xn{M);'S.) -^ H'^{X^{M);'^) 
which makes 

i?2(50(ci);Z) ^ H\Xm{M)-7l.) 



(8.6) 



commute. By choosing m = 1 and using our results for Xi[M), we see that for any n G 2 
the map j* is onto if and only if M is spin^. Thus, we have proven the conjecture for 
degree one solitons on M in any X„(M).0 Of course the same result holds for solitons of 
any odd degree, while even degree solitons necessarily have integral spin. 

Finally, we return to the case of n identical particles on M. We will use the commu- 
tative diagram (n > 1) 



SO{d) 



9i 



9i 



Xn 

J 

Xn{M), 



(8.7) 



where gi (respectively, ji) is the rotation map of the particle (respectively, degree one 
soliton) in the ith position in an n identical particle (respectively, soliton) configuration, 
and Xn is the covering projection defined in Section 2. Again, we have the diagram of 
cohomology groups 

iy2(g^(M);2) 



H'^{SO{d)-T) 



9i 



— * 

9i 
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x; 



H\Q^{M);T) 



(8.8) 



r 



H\X^{M)-T). 



Prom the commutativity of the upper triangle in ( |8.8| ) and the result for distinguishable 
particles, we see that there are no half-integral spin scalar quantizations for the identical 
particles if M is not a spin^ manifold. From the commutativity of the lower triangle and 
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We also note that the spin-statistics relation still holds in the above general scalar quantiza- 



tions of the 0{d + l)-invariant sigma model |47]. 
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the result for solitons we have that there exist half-integral spin scalar quantizations if M 
is a spin^ manifold. This completes the proof of the full conjecture. 

To summarize, we have considered the existence of half-integral spin scalar quantum 
theories on a closed, orientable manifold M of dimension d > 3. We have shown that 
such quantizations exist for particles (identical or not) or 0{d + 1) solitons if and only 
if M is a spin^ manifold.ll^ Recall that if M has a tti- and an if2-obstruction to a spin 
structure, then we have shown (see Section 4) that there exist half-integral spin nonscalar 
quantizations for n identical particles on M even if M is not spiuc (as in the examples 
constructed in [^^). Presumably these quantizations utilize structures on M more general 
than spin^ in order to obtain half-integral spin. 

9. Comments and Conclusions 

The purpose of this paper has been fourfold. First, to define a generalization of the 
braid groups Bn{M) which apply to identical particles on M having an internal structure 
described by a fiber bundle Y ^^ E -^ M, and to develop general techniques for the 
computation of these new groups B^{M)xB Second, to apply these techniques to the case 
of identical particles possessing an internal spin degree of freedom — that is, E is the 
frame bundle F{M) of the manifold M. Also, to construct the lUR's of the spin braid 
groups B^{M) in order to discuss the spectrum of spin and statistics for the particles. 
Third, to relate the groups B^{M) to the fundamental group of the configuration space of 
the 0{d+ l)-invariant nonlinear sigma model with space manifold M, d = dim M. These 
models contain topological solitons and the above relationship sheds light on their spin and 
statistics. Finally, to discuss necessary and sufficient conditions on M for the existence 
of a (general) scalar quantum theory which yields half-integral spin for either particles or 
solitons. 

Our main results may be stated as follows. In Section 2 we displayed B^{M) as 
an extension of a quotient group of tti{Y)^ by a subgroup of Bn{M). We also discussed 



The result for 0{d + 1) solitons can be extended to include manifolds of the form M #M, 
with M closed and orientable, while that for distinguishable particles is actually true for any 
orientable manifold. Although we have no explicit proof, we believe that the result for identical 
particles can also be extended to any orientable manifold. 

For applications to particles carrying an internal U{1) charge in the presence of flux tubes, 
see H). 
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the information about the bundle E needed to compute this extension, as weU as some 
simphfications when d > 3. In Sections 3 and 4 we were able to completely determine the 
groups B^{M) for an arbitrary orientable manifold M of dimension three or more in terms 
of 7ri(M) and information about the possible obstructions to a spin structure on M. More 
precisely, we showed that B^{M) = (Z2 x tvi{M)) ^ S'^ if M is a spin manifold (Section 
3), and B^{M) = Bn{M) = tci{M) I Sn if M has a 7r2-obstruction to a spin structure 
(Section 4). If M has a yri-obstruction then B^{M) is an extension of ^2 by tti{M) I Sn 
which is also described in Section 4. We gave a presentation of these groups in terms of 
27r-rotations of the particle's frames, local particle interchanges and single particle loops, 
which we used to obtain information on the available spectrum of spin and statistics. In 
particular, we were able to prove that there exists an lUR of B^(M) whose corresponding 
quantum theory provides half-integral spin for the identical particles if and only if M does 
not have a 7r2-obstruction to a spin structure. Moreover, a one- dimensional lUR yielding 
half-integral spin exists if and only if M does not have an i72-obstruction. In Section 5 we 
discussed various general properties of the groups B^{M) in two dimensions, and displayed 
these groups when the orientable surface M is closed. We further determined B^{M) in 
terms of Bn{M) when M is flat. Section 6 contains a brief discussion of nonorientable 
spaces. The main result is that the spin braid groups of a nonorientable manifold and its 
orientable double cover are isomorphic in three or more dimensions. 

In Section 7 we turned our attention to the 0((i -(-l)-invariant nonlinear sigma model in 
((i-fl)- dimensions with closed, orientable space manifold M. We deflned a homomorphism 
/* from B^{M) to the fundamental group 7ri(X„(M)) of the degree n sector Xn{M) of the 
sigma model conflguration space, which sent particle exchanges, rotations and loops to the 
corresponding operations for degree one solitons. We then demonstrated that /* was onto 
for all ci > 2. All one has to do is add the new relations (|7.1|) and (|7.2|) to our presentation 



of B^{M) in order to obtain 7Ti{Xn{M)) — each of these relations being a consequence of 
soliton creation and annihilation processes. (In particular, there is a spin-statistics relation 
for solitons.) For d > 3, the above result implies that the groups 7ri(X^(M)) are always 
abelian, and hence all quantizations are scalar. Moreover, as for particles, there is a scalar 
quantization yielding half-integral spin for degree one solitons in Xn{M) if and only if 
M has no if2-obstruction to a spin structure. We closed the section with a treatment of 
solitons on the open manifolds IR i^M, proving results analogous to the closed case, as well 
as a brief discussion of solitons on nonorientable spaces. Finally, in Section 8 we set out 
to better understand the half-integral spin quantizations we had encountered on certain 
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nonspin manifolds, as well as to show how to obtain such quantizations on other nonspin 
manifolds, by considering quantum theories built from arbitrary complex line bundles over 
the appropriate configuration space. We proved that there exists such a general scalar 
quantum theory yielding half-integral spin for particles or 0{d + 1) solitons if and only if 
the closed, orientable space manifold M possesses a spin^ structure. 

The results of this paper may be extended in several directions. For example, in me- 
chanics we may consider systems with k distinct species of particles, there being Ui particles 
of species i. Working along similar lines we will obtain the braid groups B^_^ ^^ uki^) 
which are generalizations of the "partially colored" braid groups i?ni,n2,...,nfe(-^) in the 



structureless case |21][22|. We can further include the possibility of pair creation and an- 



nihilation in these mechanical systems [jl^ [|T5[ [Q . In field theory, we can consider much 



broader classes of nonlinear sigma models. The existence and properties of solitons in these 
systems will depend intricately on the nature of both the space manifold and the target 
space (which will no longer be simply S'^). For some general results and specific examples 
along this line, see [^ [^ [|51[]. (For instance, certain models with closed space manifolds 



and nonsimply connected target spaces contain ambistatistical solitons pj][^.) It would 
also be interesting to further investigate the nature of half-integral spin quantizations on 
nonorientable manifolds from the point of view of pin and piric structures ||2y], as well as 
to look at the possibility of half-integral spin on nonspin^ manifolds by considering gen- 
eralized nonscalar quantum theories — that is, quantum theories whose state vectors are 
sections of an arbitrary complex vector bundle over the appropriate configuration space. 
These latter theories may utilize structures on the space manifold more general than spin^ 



(such as those in [^2|) in order to obtain half- integral spin. Finally, we note that a discus- 



sion of the rather peculiar topic of particle spin and statistics on the circle S^ can be found 
in 1|5^] , while a reasonably complete treatment of the spin and statistical properties of 
topological solitons on S^ in a sigma model with an arbitrary target space is given in ||24|| . 
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